Abstract. We construct a family of infinitely many elliptic curves over Q with a nontrivial rational 2-torsion point and with rank ≥ 6, which is parametrized by the rational points of an elliptic curve of rank ≥ 1.
Introduction
The problem of constructing high-rank elliptic curves over Q with a nontrivial torsion point has been studied by several people. Among them, Kretschmer [1] found an example of rank ≥ 10 and Zimmer and Schneiders [6] found two examples of rank ≥ 11. Regarding the problem of constructing infinitely many such curves, Mestre [3] found elliptic curves of the form y 2 = x 3 + kx (where (0,0) is a 2-torsion point) with rank ≥ 4. In this note, we show the following.
Theorem 1.
There are infinitely many elliptic curves over Q with a nontrivial 2-torsion point and with rank ≥ 6.
The curve
In this note, high-rank elliptic curves of the form Y 2 = aX 4 + bX + c are treated. First, we show that curves of this form have nontrivial 2-torsion points.
Lemma 2.1. Let E : Y 2 = aX 4 + bX 2 + c be a curve of genus one over a field K. Assume that E has a K-rational point (x, y) and regard E as an elliptic curve whose group structure is given by (x, y) as origin. Then one has 2(−x, −y) = 0.
Sketch of the proof. We denote the two points at infinity on E by ∞ and ∞ . More precisely, ∞ and ∞ are written as (0, √ a), (0, − √ a), respectively, on the dual model of E given by the equation In §3, we will construct an elliptic curve over Q(T ) of the form E :
, which contains at least six Q(T )-rational points P 1 ,...,P 6 . Further, we consider E as a curve defined over the function field Q(C), where C is the curve defined by the equation S 2 = a(T ). So the two points ∞ and ∞ at infinity of E become Q(C)-rational points and we can choose the point ∞ as the origin. We know the point ∞ is a nontrivial 2-division point, and we can use all six points P 1 ,...,P 6 to obtain independent points. It is remarked that a rational point p = (t, s) on the curve C gives rise to an elliptic curve over Q, which is obtained from E by the specialization (T, S) → (t, s). Thus, if C has infinitely many rational points, we can obtain infinitely many elliptic curves over Q with a nontrivial 2-torsion point and rank ≥ 6.
Construction

For any 6-tuple
. Then we see easily that there are uniquely determined (up to the signature of r A )
In this note, we only treat the case when deg r A (X) is 4 and the equation r A (X) = 0 has no double root. Then the curve Y 2 = r A (X) is an elliptic curve over Q(T ), which is denoted by E A , and contains the six Q(T )-rational points
By Lemma 2.1, we see that E A is an elliptic curve over Q(T ) with nontrivial 2-torsion points since r A (X) is an element of Q(T )[X 2 ]. When A is of the form (±T + α 1 , ..., ±T + α 6 ) (α i ∈ Q), the coefficient of X 4 in r A (X) seems to be (however we cannot prove it) a quartic polynomial of T , which will be important for our purpose.
Thus we consider the case A = (T + 1, T + 2, T + 3, −T + 5, −T + 6, −T + 9). Then the equation of E = E A is written as
and P i are as follows:
Let us consider the elliptic curve
in the (T, S)-plane. [2] , stating that the number of torsion points of an elliptic curve over Q is ≤ 16, we see that C has infinitely many rational points since C has more than 26 rational points.
Proposition 3.1. The points P 1 , P 2 , ..., P 6 are independent Q(C)-rational points when the group structure is given by ∞ as origin.
We give the proof of Proposition 3.1 in the next section. Now, by a theorem of Silvermann [5, Theorem 20.3] , which says the specialization map is injective for all but finitely many points p ∈ C, and by Proposition 3.1, we obtain easily that the rank of curves which are obtained by the specialization from E by a rational point p ∈ C(Q) is ≥ 6 for all but finitely many cases. Hence we get Theorem 1.
Independence of rational points
To prove Proposition 3.1, since the specialization map is always a homomorphism, we have only to show that there exists a rational point p on C such that P 1 ,..., P 6 are specialized to six independent rational points on the elliptic curve obtained by the specialization from E by p. We claim this is the case for p = (272/79, 11067/26). Now, we consider the case that E * is the elliptic curve obtained by the specialization (T, S) → (272/79, 11067/26) from E. Let the p * i 's be the rational points on E * obtained by the above specialization from P i . The equation of E * and the rational points p * i 's are written as follows (for simplicity, we change the coordinate (1008/38950081) · Y to Y ): 
, which has a nontrivial rational 2-torsion (0, 0), by the map φ :
(We note that the two points at infinity of E * map respectively to the unique point at infinity and the point of coordinate (0, 0) of E.)
We remark that this lemma gives another proof of the fact that E A has a nontrivial Q(C)-rational 2-torsion point.
Using Lemma 4.1, we see easily that a Weierstrass model of E * , which is denoted by E, and the rational points p i = φ(p * i ) can be written as follows: Now, in order to show the independence of p 1 , ..., p 6 on E, we need notation and two lemmas. Let E :
and α : E (Q) → Q * /Q * 2 the map defined by
(We consider Q * /Q * 2 as a vector space over Z/2Z.) In the following, we assume that E(Q) tor = E (Q) tor = {∞, (0, 0)}.
Lemma 4.2. The Q-rank of E is equal to
Proof. See Zimmer [7, Theorem 8.1 ].
More precisely, we easily obtain the following lemma.
Lemma 4.3. Let G be a subgroup of E(Q).
Then the Q-rank of G is greater than, or equal to, rank Z/2Z (α(G)) + rank Z/2Z (α (ψ −1 (G))) − 2.
We apply Lemma 4.3 to our curve E and the subgroup G = (0, 0), p 1 , p 2 , ..., p 6 . In this case, the equation of E is written as
We see easily that E(Q) tor = E (Q) tor = {∞, (0, 0)} by Zimmer [7, Theorem 7.3] . Thus, the assumption of Lemma 4.3 holds.
By a direct calculation we have So they are independent in Q * /Q * 2 . Using Lemma 4.3, we can now conclude that p 1 , ..., p 6 are independent points on E, and the proof is complete.
Remark. Using the computer system PARI, we can compute the determinant of the matrix of height pairings p i , p j (1 ≤ i, j ≤ 6). Since this determinant is 48107.7640..., the points p 1 , ..., p 6 are independent on E, which gives another proof of Proposition 3.1.
